




























































































































































































































































































verge to the solution, where yeO) is some initial guess and 

(i = 0, 1, ••. ) • 

Several cases, characterized by the way Xl and X2 compare with 
each other, are considered separately. The need for considering 
different cases can be seen from the fact that P given by (C2) 
behaves under different conditions. If (imply­
ing that V2SO), the nominal ambipolar approximation is a good 
low-order approximation. If A<Po/2 (implying that V2>0), there is 
an HRR and an AR, and the behavior of P depends upon which region 
we are examining. We can anticipate that at least three cases 
require separate treatment. It turns out that there are four 
cases, with one corresponding to a · transitional region near the 
ARB. 

The different cases will use different fls in (C3) and differ­
ent intervals from which the initial guess is to be selected. The 
proof of convergence is fundamentally the same for all cases. The 
basic idea is to find a closed interval, from which the initial 
guess is to be selected, having the property that f, regarded as 
a function of V, maps· this interval into itself. Then show that, 
throughout this interval, the absolute value of the Y derivative 
of f is less than or equal to some number that is strictly less 
than 1 (preferably less than 1/2 so that the iteration will 
converge at least as fast as the bisection method). The details 
are omitted because they are not difficult. Error estimates are 
also obtained by iteration, but not necessarily the same conver­
gent iteration that produces progressively better estimates. The 
basic idea is the same for all cases and illustrated for the 
first case considered. 

We start with Case 1 defined by 

(def ines Case 1) . 

This case will be encountered when we want to use (C2) to solve 
for P and there is no HRR (i.e., or V2$O). The iteration 
is 
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(for Case 1) (C4) 

which converges for any initia l guess s elected from the interval 
[ X2'~)' The suggested .initial guess is 

(for Case 1) • 

Convergence of the it~ration (C4) can be very slow in theory. In 
practice, Case 1 is accompanied by Xl~l and the convergence is 
fast. An error estimate associated with any given iterate is 
obtained by manipulating (Cl) into 

The actual solution Y and all iterates produced by (C4) are in 
the interval [X2/~)' Differentiating shows that the right side of 
the above equation is decreasing in Y on this interval (or con­
stant if X1=1). Therefore the right .side maps iterates that are 
too small into estimates that are too large and vice-versa. The 
correct solution is bracketed by any iterate y(i) and its conju­
gate Yc(i) defined by 

YC(i) " y(i) 

+ [(X2+X1 )/(X2+1)] [X2+(X1-1)ln(1+y(i)/x1 )- y(i)] (for Case 1) • 

The difference between y(i) a nd yc(i) is a simple error estimate. 

Case 2 is defined by 

o < Xl < 1 and 

(def ines Case 2) • 

It can be shown that Case 2 implie s that y >2, or P>Po in (C2). 
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This case is encountered when there is an AR and HRR (A<Po/2) and 
we want to use (C2) to solve for P at some point in the AR not 
too close to the ARB. The iteration is 

y(i+1) ~ y(i) + [(X2 + X1 )/(X2 + 1») [X2 

+ (Xl - 1) In(l + y(i)/x1 ) - y(i») (for Case 2) 

which converg~s for any initial guess selected from the interval 
[2,X2 ]. The suggested initial guess is 

(for Case 2) . 

The conjugate of a given iterate is either the next or previous 
iterate, i.e., the solution is bracketed between any pair of 
adjacent iterates. 

Case 3 is defined by 

o < Xl < 1 and 

(defines Case 3) 

and is encountered when there is an HRR and we want to use (C2) 
to solve for P at a point close to and on either side of the ARB 
(a transitional region). The iteration is 

y(i+l) ~ y(i) 

(for Case 3) 

which converges for any initial guess selected from the interval 
[1/2 -Xl ,X2 ]. Note that 1/2 -Xl can be the initial guess even 
when negative, but it is not a very good guess when negative. The 
suggested initial guess is 

144 



(for Case 3) • 

The solution is bracketed by any iterate yei) and its conjugate 
Yeti) defined by 

(for Case 3) . 

Note that the iteration can be written more concisely as 

(for Case 3) . 

Case 4 is defined by 

o < Xl < 1 and 

o $ x2 S (1 - Xl) In[ (1 - Xl) IX 1 ] (defines Case 4) • 

This case will be encountered when there is a wide HRR and we 
want to use (C2) to solve for P at some point in the HRR not too 
close to the ARB. The iteration is 

y(i+l) = (1/2) [y(i) - Xl] 

+ (Xl/2) · exp[(X2 - y(i))/(l - Xl)] (for Case 4) 

which converges for any initial guess selected from the interval 
[0,1]. The suggested initial guess is 

yeO) = 0 (for Case 4) • 

The sol-ution is bracketed by any iterate y(i) and its conjugate 
Yeti) defined by 
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(for Case 4) • 

Note that the iteration can be written more concisely as 

y(i+1) = (1/2) [y(i) + YC(i) J (for Case 4) . 

The following function subprogram can be appended to a FORTRAN 
source code, allowing the code to call the function F as it would 
call any built-in function. The iterations are terminated when 
error estimates indicate that the sum F(X 1 ,X2 )+X1 has an error 
less than one part per ten thousand. The number of iterations 
needed to produce this accuracy depends on the individual case. 
The number can be as large as twelve or thirteen (comparable to 
the bisection method) or as small as two or three. 

FUNCTION F(X1,X2) 
C This function subprogram can be appended to a FORTRAN source 
C code, allowing the code to call the function F defined in the 
c text. Xl must be positive and X2 must be nonnegative. 
C 

DELTOL=1.0E-4 
C 

C Check for illegal arguments. 
C 

C 

IF (X1.LE.0.0) THEN 
WRITE(*,*) 'ERROR: Xl IS NOT POSITIVE' 
GO TO 100 

END IF 
IF (X2.LT.0.0) THEN 

WRITE(*,*) 'ERROR: X2 IS NEGATIVE' 
GO TO 100 

END IF 

C Determine which of the four cases apply and go to the 
C appropriate block. 
C 
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C 

IF (Xl.GE.l.O) GO TO 10 
XH=2.0+(1.0-Xl)*ALOG(1 . 0+X2/Xl) 
XL= (1. O-Xl) *ALOG.( (1. O-Xl) /Xl) 
IF (X2.GT.XH) GO TO 30 
IF ((X2.LE.XH).AND . (X2.GT.XL» GO TO 50 
GO TO 70 

C Case 1 block starts here. 
C 

C 

10 CONTINUJi: 
Y=X2 

20 CONTINUE 
Y=X2+(Xl-l.0) *ALOG(l.O+Y/Xl) 
T=X2+(Xl-l.0)*ALOG(1.0+Y/Xl)-Y 
YC=Y+(X2+Xl)*T/(X2+l.0) 
ERROR=ABS(Y-YC)/(Y+Xl) 
IF (ERROR. GT. DELTOL) GO TO 20 
GO TO 90 

C Case 2 block starts here . 
C 

C 

30 CONTINUE 
Y=X2 

40 CONTINUE 
YC=Y 
T=X2+(Xl-l.0)*ALOG(1.0+Y/Xl)-Y 
Y=Y+(X2+Xl)*T/(X2+l.0) 
ERROR=ABS(Y-YC)/(Y+Xl) 
IF (ERROR. GT. DELTOL) GO TO 40 
GO TO 90 

C Case 3 block starts here . 
C 

C 

50 CONTINUE 
Y=X2 
YC=X2-(1.0-Xl)*ALOG(1.0+Y/Xl) 

60 CONTINUE 
Y=0.5*(Y+YC) 
YC=X2-(1.0-Xl)*ALOG(1.0+Y/Xl) 
ERROR=ABS(Y-YC)/(Y+Xl) 
IF (ERROR. GT. DELTOL) GO TO 60 
GO TO 90 

C Case 4 block starts here. 

147 



C 
70 CONTINUE 

Y=O.O 
T=(X2-Y)/(1.0-Xl) 
YC=Xl*EXP(T)-Xl 

80 CONTINUE 
Y=0.5*(Y+YC) 
T=(X2-Y)/(1.0-Xl) 
YC=Xl*EXP(T)-X1 
ERROR=ABS(Y-YC)/(Y+Xl) 
IF (ERROR. GT. DELTOL) GO TO 80 

90 CONTINUE 
F=Y 

100 CONTINUE 
RETURN 

END 
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